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This work deals with several aspects of the extension to Abelian Higgs models of the deformation
method originally developed for scalar field models. We present several examples allowing to trans-
form self-dual solutions of different generalized Abelian Higgs models into scalar field models with
or without a gauge field component. This is done through a parametrization of the soliton orbit in
terms of the sine-Gordon static kink. We extend these ideas to a nonAbelian Higgs model.
PACS numbers: 11.10.Lm, 11.27.+d
I. INTRODUCTION
The idea of the deformation method described in
Ref.[1] is to find static defect solutions for a model whose
equations of motion map those for another model where
static defect solutions are known. The mapping is done
through deformation functions that take the latter so-
lutions into the former ones (dubbed as deformed de-
fects). This method can be applied several times so that
one can construct an uncountable number of deformed
solutions. In addition it allows to deform topological
and non-topological defects, controlling their energy and
width, and generating a large amount of new static defect
solutions having distinct characteristics from the original
ones.
This method has been used in wide variety of con-
texts but always for static analytical soliton solutions,
either with one or two scalar fields [1–9], while the ex-
tension to the gauge field case has not been performed
yet. The main aim of this letter is to provide some
preliminary insights at this regard, by considering the
simplest extension of the deformation method [1]. For
this purpose we consider models with a scalar and a
gauge field supporting static analytical soliton solutions.
For simplicity we take the self-dual ansatz by using the
Bogomol’nyi-Prasad-Sommerfield (BPS) [10] first order
reduction method. By this way (and after substituting
the ansatz) our deformation problem will be reduced to
that of deforming a set of two equations of motion with
two scalar fields.
Now three problems arise. First, how to find the de-
formation functions as they should depend on both de-
formed fields. This means that in general one cannot use
the method developed by Afonso et. al in [5] as it stands
for deformation functions that only depends on the re-
spective deformed field. Second, how to guarantee that
the deformed equations of motion admit stable soliton
solutions with two fields. And finally how to identify the
deformed model, a task which has non unique solutions.
The original solutions, i.e., before the deformation, are
described in Ref.[5] and also in Refs. [11–14] which corre-
spond to solitons that have respectively two scalar fields
or one single scalar field and a gauge one. They were
conveniently chosen to fail the standard orbit deforma-
tion method for two scalar systems presented in Ref.[5].
Let us stress that such a method only works for two cou-
pled equations provided that each deformation function
depends only of a single independent field. Therefore ei-
ther we have to find another method or/and the deformed
model necessarily must have gauge fields.
The procedure developed in this paper is based on a
parametrization of the soliton orbit in terms of a static
kink solution of a single scalar field lagrangian to which
the standard deformation method [1] can be immediately
applied. By convenience we shall choose the static kink
solution of the sine-Gordon model [15] as this orbit pa-
rameter, using the deformation method [1] when neces-
sary. The chosen starting models are of two types accord-
ing to whether they include or not a gauge field. Those
including a gauge field are extensions of the Abelian-
Higgs systems that support analytical BPS solitons with
a single gauge field and a scalar one for which one can-
not apply the standard orbit method deformation for two
scalar fields.
We show how this procedure is able to change the
topological nature and physical properties of the solitons
such as their electric charge, momenta, energy density
and width, depending on the model which is considered.
Finally we extend these ideas by considering the non-
Abelian t’Hooft-Polyakov monopole solution [16].
II. STARTING MODELS
A. Two scalar fields model
The first model considered here has no gauge fields and
is described by the (1+1)-dimensional lagrangian density
given by
2LA = 1
2
∂µχ1∂
µχ1 +
1
2
∂µχ2∂
µχ2 −
− 1
2
(
1− χ21 − rχ22
)2
+ 2r2χ21χ
2
2, (1)
with r a real parameter. The (static) equations of motion
are
χ′1 = 1− χ21 − rχ22 ; χ′2 = −2rχ1χ2. (2)
where ′ stands for derivative with respect to x. Taking
0 < r ≤ 1/2 there is a soliton solution [17]
χ1 = tanh(2rx) ; χ2 =
√
1− 2r
r
sech(2rx), (3)
verifying the soliton orbit(√
r
1− 2r χ2
)2
+ χ21 = 1, (4)
which is the equation of a circle, to which the standard
two scalar fields deformation method [5] can be applied.
Taking the following parametrization√
r
1− 2r χ2 = sin(θ) ; χ1 = − cos(θ), (5)
the equations (2) give the sine-Gordon (sG) equation of
motion (see Eqs.(13), (14) below)
dθ
dτ
= sin(θ), (6)
where τ = 2rx. In Fig.1 we show that the plots of h(x)
and A(x).
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Figure 1. Profile of the functions χ1(x) (solid line) and χ2(x)
(dashed) with r = 1/4 as given by Eq.(5) and with θ the
sG field of Eq.(14). Note that these profiles reproduce the
original ones given by Eq.(3).
In the next two sections we select two kinds of Abelian-
Higgs models supporting soliton orbits to which the stan-
dard two scalar fields orbit deformation method cannot
be generically applied. We present the soliton solutions
and the respective orbit. We also present our procedure
used for deformation which is based on a parametrization
of the soliton fields in terms of the sine-Gordon static
kink.
B. w models
These models are extensions of the Abelian-Higgs one
and are described in Refs.[12, 14], which we now briefly
review. They are defined in (2+1) dimensions where the
Maxwell term is replaced by a Chern-Simons one and
the kinetic term is non-canonical, as described by the
lagrangian density
Lw = ω(|ϕ|)X − V (|ϕ|) + k
4
ǫαβγAαFβγ (7)
where k is a constant, ω(|ϕ|) is a function of the complex
scalar (Higgs) field ϕ, X = |Dµϕ|2 is the standard canon-
ical kinetic term, V (|ϕ|) is the potential, assumed to im-
plement a symmetry breaking mechanism, Aµ = (A0,A)
is the (abelian) gauge field and Fµν = ∂µAν − ∂νAµ
is the field strength tensor. The associated electric
and magnetic fields are defined in the usual way, i.e.
E
i = F i0 = − dAdt − ∇iA0 and B = ~∇ × A, where we
are using bold text style as the notation for vectors.
For static solitons with axial symmetry along the y axis
we take the ansatz
ϕ =
e√
k
h(x) ; A =
e
k
(0, A(x)), (8)
with A20 = A
2
y and h(x) real and thus the equations of
motion for BPS solutions (see e.g.[12] for details on this
procedure) become
h′ = ±hA ; A′ = −2ωh2A0, (9)
with A0 given by the Gauss law constraint A0 =
B
2 h2 w .
Let us stress that in these models the potential depends
on the choice of ω(h) as a consequence of the equations
(9).
In the next sections we take particular choices for ω(h)
leading us back to several models already considered in
the literature.
1. Jackiw’s wall and sine-Gordon kink
For ω = 1 the equations of motion (9) admit a wall-like
soliton solution, the so-called Jackiw’s wall [11] described
by
h =
1√
1 + e−2x
; A =
1
1 + e2x
. (10)
verifying the soliton orbit(√
A
)2
+ h2 = 1. (11)
which is the equation of a circle. In this case the standard
orbit method deformation for two scalar fields can be
applied in order to make the deformation. In fact, it
is possible to apply that method by taking χ1 and χ2
3the deformed fields as χ1 =
√
A and χ2 = h. However
the deformed potential does not support solitons. Thus,
we proceed developing our method of parameterizing the
soliton fields in terms of the sine-Gordon one. For that
we note that if we take the parametrization
√
A = cos
(
ψ
2
)
; h = sin
(
ψ
2
)
. (12)
the equations (9) are reduced to a single one
ψ′ = sin(ψ), (13)
which is precisely the sine-Gordon equation. Thus ψ cor-
responds to the static sG kink, solution of (13), which is
given by
ψ = 2 arctan[ex], (14)
In this way the Jackiw’s wall is parameterized in terms
of the sG field. In Fig.2 h(x) and A(x) are plotted by
using Eqs.(12) with ψ given by Eq.(14).
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Figure 2. Profile of the functions h(x) (solid) and A(x)
(dashed) through the parametrization (12), with ψ given in
(14). Note that these profiles reproduce those of Jackiw’s
solution (10).
2. Generalized and sine-Gordon kinks
Let us now take the non-canonical model studied in
Ref.[12] and characterized by the function
w(h) =
2
(1 + h2)2
. (15)
The equations of motion (9) now admit a wall-like soliton
given by
h(x) =
√
1 + e−2x − e−x ; A(x) = 1√
1 + e2x
, (16)
which verifies the hyperbolic soliton orbit
(
h+
A√
1−A2
)2
− A
2
1−A2 = 1. (17)
This is an example to which the standard orbit method
deformation for two scalar fields cannot be applied. Had
we applied it, the deformed fields χ1 and χ2, would be
|χ1| = h+ A√1−A2 and |χ2| = A√1−A2 . However its equa-
tions of motion cannot be derived from a BPS scalar sys-
tem as an inconsistency when writing the superpotential
emerges.
So, let us apply our parametrization method fol-
lowed by the standard deformation one [1]. A suitable
parametrization for the orbit (17) is given by
h+
A√
1−A2 = cosh(θ) ;
A√
1− A2 = − sinh(θ). (18)
By making some manipulations and constraining θ ≤ 0,
one gets that h and A are given by
h = cosh(θ) + sinh(θ) ; A = − tanh(θ). (19)
Consistency with the system (9) requires that θ′ =
− tanh(θ), which can be explicitly integrated to give
θ = arcsinh[e−x]. This is the equation of motion of a
scalar field theory with lagrangian given by
L =
(θ′)2
2
− 1
2
tanh2(θ) (20)
However, we want to relate this model to the sG one
as this will allow us later to transform BPS solutions of
different Abelian Higgs models between themselves. For
this purpose we now employ the standard deformation
method [1] defining a new scalar field ψ and lagrangian
density as
L(ψ) =
1
2
(ψ′)2 − 1
2
tanh2(θ)
(
dθ
dψ
)−2
, (21)
and requiring the new potential to be the sG one (and
thus ψ the sG field). Performing an integration we are led
to the relation log[tan(ψ/2)] = ± log[| sinh(θ)|] between
both scalar fields. It proves that the sign (−) in this re-
lation is the one that leads to the sG solution. Therefore
we obtain h and A as functions of the sG field ψ as
h =
1− cos[ψ/2]
sin[ψ/2]
; A = cos[ψ/2]. (22)
3. Generalized lump and sine-Gordon kink
Let us consider another model supporting soliton solu-
tions for which the orbit deformation method fails. It has
been studied in Ref.[14] and it is defined by the choice
ω(h) =
h2
2
√
1− h4 , (23)
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Figure 3. Profile of the functions h(x) (solid line) and A(x)
(dashed) as given by Eq.(22) with ψ the sG field of Eq.(14).
Note that these profiles reproduce the original ones given in
(16).
Solving the BPS field equations (9) we obtain the soliton
fields
h(x) = (cosh(x))−1/2 ; A(x) = −1
2
tanh(x). (24)
satisfying the soliton orbit (2A)2 + (h2)2 = 1 which is
again a circle. Had we applied the orbit deformation
method then the deformed fields, χ1 and χ2, would be
such that |χ1| = 2A and |χ2| = h2 and we would arrive
again to an inconsistency with the superpotential when
trying to derive the BPS equations of motion. Instead
let us introduce the following parametrization
h = sin1/2(ψ) ; A =
1
2
cos(ψ), (25)
so the consistency with (9) requires that ψ′ = sin(ψ)
which is the sG equation and thus ψ the sG field. There-
fore no further deformation is needed and Eq.(25) per-
forms the transformation between the BPS solutions of
the Abelian Higgs system in [14] and the sG kink.
C. Torres model
Finally let us consider another gauge model support-
ing solitons that cannot be deformed through the orbit
deformation method. The model is the one described
in Ref.[13], which is a scalar Quantum Electrodynam-
ics model in (2 + 1) dimensions with the addition of the
Chern-Simons term and an anomalous magnetic interac-
tion, described by the lagrangian density
LT = −1
4
FµνF
µν +
k
4
ǫαβγAαFβγ +
1
2
|Dµφ|2 − 1
2
m2|φ|2
(26)
whereDµ = ∂µ−ieAµ−i g4ǫµναF να is the gauge-covariant
derivative and g an anomalous magnetic moment. For
g = − 2ek the equations of motion reduce to first order
and for the ansatz φ = (k/e)f with Aµ = (0, 0, Ay) they
become
f ′ = ∓mf ; A′y = ∓
kf2
(1− f2)Ay . (27)
Eqs.(27) admit the soliton solution
f = e−m|x−X|
Ay = Sign(x−X)γ
2
(
1− e−2m|x−X|
) k
2m
. (28)
which is a “spiked” lump-like soliton with symmetry
along the y axis, located at x = X with width of or-
der 1/m, carrying a magnetic flux per unit of length of
γ and having a charge per unit of length of −kγ. The
profiles for f(x) and Ay(x) are given in Fig.4.
The soliton orbit satisfied by these solutions is obtained
as
[(
Ay
Sign(x−X)γ2
)m
k
]2
+ f2 = 1. (29)
which is again the equation of a circle. As before, apply-
ing the deformation orbit method the deformed fields,
χ1 and χ2, would be such that |χ1| = AySign(x−X) γ
2
and
|χ2| = f with the same result for the consistence of the
superpotential. Proceeding in the same way as in the
previous examples, take the parametrization
(
Ay
Sign(x−X)γ2
)m
k
= cos(θ) ; f = sin(θ), (30)
and the consistency with the equations (27) brings that
θ′ = ∓m tan(θ). These correspond to the equation of
motion for the lagrangian
L =
1
2
∂µθ∂
µθ − 1
2
m2 tan2(θ). (31)
In order to relate the original Torres model to the sG
one we use the standard deformation method for a single
field to get the deformed lagrangian density as
L(ψ) =
1
2
(ψ′)2 − 1
2
m2 tan2(θ)
(
dθ
dψ
)−2
, (32)
where the second right-hand-side term is identified as the
potential for the sG solution, i.e.
1
2
sin2(ψ) =
1
2
m2 tan2(θ)
(
dθ
dψ
)−2
. (33)
Solving this equation we obtain that m log[tan(ψ/2)] =
± log[sin(θ)] where to obtain the sG system only the sign
(−) must be taken. Thus one is led to the relation
| sin(θ)| = [cotg(ψ/2)]m, which introduced into Eq.(30)
gives that
f = cotgm[ψ/2]
Ay = Sign(x−X)γ
2
(
1− cot2m[ψ/2]) k2m .
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Figure 4. Profile of the functions f(x) (solid line; taking m =
1) and Ay(x) (dashed; m = 1, γ = 1, k = 2) centered at
X = 0, as given by Eq.(34) and ψ is the sG field of Eq.(14).
Note these profiles reproduce the original ones given by Torres
(28).
III. TRANSFORMING THE BPS SOLUTIONS
In the previous sections we related different BPS soli-
ton solutions of several Abelian gauge field models to the
same soliton solution (the sG one). This makes possible
to relate them between themselves. In order to do this,
we shall consider five different cases, which are the com-
bination of transforming equal/different kinds of solitons
in equal/different theories, with an additional case for
the two-scalar fields system.
A. Solitons of the same kind in the same theory
Let us begin by transforming the Jackiw’s wall (10)
into the generalized BPS wall (16). Labeling by hJ , AJ
the original fields and by φ1, φ2 the “deformed” fields,
we simply need Eqs.(12) and (22) to conclude that
φ1(hJ , AJ) =
1−√AJ√
hJ
; φ2 =
√
AJ (34)
gives the transformation functions. In Fig.5 we compare
the fields before and after the transformation. Note that
the only physical difference between the deformed and
non-deformed soliton lies on their thickness. The orbits
before and after the transformation are also shown in
Fig.6.
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Figure 5. Left panel: h(x) profile for Jackiw’s wall (dashed)
and the generalized wall (solid). Right panel: The same for
A(x).
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Figure 6. Orbits before (dashed) and after (solid) the trans-
formation for the case IIIA (left panel) and IIIB (right panel).
B. Solitons of different kind in the same theory
Now we transform the generalized BPS wall (22) (fields
h,A) into the lump (25) (fields φ1, φ2). Simple trigono-
metric relations give that
φ1(hW , AW ) = ±
√
2AW (1−AW )
hW
φ2(hW , AW ) = A
2
W −
1
2
. (35)
Noting that the linear total momentum along the y
axis depends on the difference A2(∞) − A2(−∞) (see
Refs.[12, 14] for further details) and using Fig.5 one can
see that the only physical difference between the starting
and resulting solitons lies on this physical quantity which
vanishes for the lump. The orbits before and after this
transformation are also shown in Fig.6.
C. Solitons of the same kind in different theories,
both with gauge fields
Let us now consider the transformation of the lump-
like solution of Eq.(25) into Torres lump (34). Using
trigonometric relations this is easily achieved with the
result
f(hL, AL) =
(
2AL + 1
h2L
)m
2
(36)
Ay(hL, AL) = Sign(x−X)γ
2
(
1−
[
2AL + 1
h2L
]2m) k2m
The only physical difference between both solitons lies
on their interaction with an external magnetic field as the
lump of Torres has a non-vanishing magnetic moment. In
Fig.7 we plot the original and final orbits.
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Figure 7. Orbits before (dashed) and after (solid) the trans-
formation for the case IIIC (left panel) and III D (right panel).
D. Solitons of different kind in different theories,
both with gauge fields
We consider the transformation of Jackiw’s wall (10)
into Torres lump (34). In this case no further trigonomet-
ric manipulations are needed and thus we immediately
obtain
f(hJ , AJ) =
(√
AJ
hJ
)m
(37)
Ay(hJ , AJ) = ±Sign(x−X)γ
2
(
1−
(√
AJ
hJ
)2m) k2m
The physical difference between both soliton lies on
their linear total momentum along the y axis which van-
ishes for the lump and also on its interaction with an
external magnetic field as the lump of Torres has a non
vanishing magnetic moment. In Fig.7 we plot the orbits
associated to the starting and resulting models.
E. Solitons of different kind in different theories,
one without gauge field
We finally consider the transformation of Jackiw’s
wall (10) into a soliton system of two scalar fields (3).
Through Eqs.(12) and (5) one obtains
χ1(hJ , AJ ) = 1−2AJ χ2 = 2
√
1− 2r
r
hJ
√
1− h2J (38)
as the functions connecting these solutions. Note that
there are two ways to write χ1 and χ2 in function of
hJ and AJ , i.e. hJ with χ1 and AJ with χ2, as the
original/deformed pairs, or the opposite. The resulting
two fields soliton has neither electric charge nor magnetic
flux density nor linear total momentum, as opposed to
the starting soliton. The orbits for these two cases are
shown in Fig.8.
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Figure 8. Orbits before (dashed) and after (solid) the trans-
formation for the cases III E (left panel) and IV (right panel).
Note that in the solid orbit in the right panel we are plotting
in the axis u− v.
IV. EXTENSION TO NONABELIAN GAUGE
FIELDS
The procedure underlined above may be extended to
more complex systems. As an example let us consider
the nonAbelian Higgs model described by the lagrangian
L = DµΦ
aDµΦa − 1
4
F aµνF
µνa − V (Φa), (39)
where DµΦ
a = ∂µΦ
a−e0εabcAbµΦc is the gauge-covariant
derivative and V (Φa) = λ4 (Φ
aΦa − η2)2 is the standard
Higgs potential. After implementing the hedgehog ansatz
Φa = H(x)
xa
r
; Aa0 = 0 ; A
a
i = εiak
xk
e0r2
[Ω(x)−1], (40)
and taking the limit η → 0 with η =
√
2λ
e0
, the equations
of motion become of first order and given by
H ′ =
1− Ω2
r2
; Ω′ = −ΩH. (41)
Its solution is the t’ Hooft-Polyakov monopole [16]
Ω =
r
sinh r
; H(r) =
1
tanh r
− 1
r
. (42)
Now let us rewrite the equations of motion by using
the variables u = H + 1r , v =
Ω
r , which implies u
′ =
−v2 and v′ = −vu, and by integrating we are led to the
orbit u2 − v2 = C with C a real constant, whose value
determines different orbits. Let us take C = 1 (see Fig.8
for the associated orbit), for which the t’Hooft-Polyakov
monopole solution is recovered. The parametrization
u = − cosh(θ) ; v = − sinh(θ), (43)
leads to the sinh-Gordon equation
7θ′ = sinh(θ), (44)
which has the analytical solution θ(x) = 2arctanh[ex].
The lagrangian density corresponding to Eq.(44) is given
by
L = (θ′)2 − 1
2
sinh2(θ) (45)
Now we use the standard deformation method for a
single scalar field to get the deformed lagrangian density
as
L = (ψ′)2 − 1
2
sinh2(θ)
(
dθ
dψ
)−2
(46)
with the second right-hand-side term being identified as
the sG potential. This gives that ψ
′
sinψ = +
θ′
sinh θ and thus
ψ = 2 arctan[tanh(θ/2)]. (47)
In Fig.9 we plot the H and ω fields, as given by the orig-
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Figure 9. Profile of the functions H(r) (solid line) and Ω(r)
(dashed) as given by the original t’Hooft-Polyakov solution
(42) and the parametrization (43).
inal fields (42) and the resulting ones introduced through
the scalar field ψ. As expected both functions coincide.
As in section III, the hedgehog solutions of this non-
Abelian model can be transformed into the BPS solutions
of any of the other models. For simplicity let us consider
the transformation of Jackiw’s wall (10) into this non-
Abelian system. As both systems are written in terms
of ψ/2 with ψ the sG field, this is straightforwardly ob-
tained as
H = − cosh[2arctanh[−hJ(r)/
√
AJ(r)]]− 1/r
Ω = r sinh[2arctanh[−hJ(r)/
√
AJ(r)]], (48)
where we have relabeled the variable x → r in Jackiw’s
wall functions. The orbits before/after are plotted
in Fig.8 (right panel). This example shows how the
procedure described in this paper is also suitable for
nonAbelian gauge fields.
V. CONCLUSIONS
We have presented a way of relating theories with ei-
ther two scalar fields or a scalar field and a single inde-
pendent gauge field component (BPS solutions of Abelian
Higgs models). It is based on the parametrization of the
soliton orbits in terms of a scalar field. Once this is done
one may use the standard deformation method of Ref.[1]
to deform this scalar field into another one. This auxil-
iary tool allows BPS solitons of different Abelian Higgs
fields to be transformed between themselves since they
all can be parameterized in terms of the same scalar
field, that we take to be the sine-Gordon one. With
the examples provided we give some insights not only
on the extension of the deformation method to the gauge
field case, but also to models where the kinetic term is
non-canonical (see examples II B 2, II B 3 and IIC). The
physics of the deformed solitons can be quite different
from that for the original ones depending on the models
involved. In the examples shown the procedure employed
is able to change the width of the original soliton imple-
menting on it an electric charge, a magnetic flux, a linear
momentum or even a magnetic momentum. Moreover,
through an explicit example we have shown that this idea
could be applicable to models with more than one gauge
field independent component, a possibility that deserves
to be fully explored in a future work.
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